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Semiclassical quantization of a separatrix map
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Semiclassical quantization of a separatrix map is presented. An effective Hamiltonian is constructed as a
function of the action-angle canonical pair. The quantum dynamics of the system is analyzed for the case of
high-frequency perturbation. An explicit form of the Floquet evolution operator is obtained in the unperturbed
basis. Quasienergy level spacing statistics is studied. It is shown that the statistics is Poissonian as a result of
the bounding nature of the Floquet matrix. This effect indicates a quantum localization process as well.
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PACS numbeps): 05.45+b, 03.65.Sq

Investigation of chaotic motion inside a separatrix layer ToHo oV
has a long history but is still of interest in classical and AE=—¢€ 0 ax
guantum dynamics. The chaotic phenomenon produced by a o P
separatrix map is used to describe a variety of problems suqBy5yating this integral in the vicinity of a separatrix, one
as limited and unlimited diffusion, both classical and quan-gptains the separatrix map in the following form:
tum, in a separatrix mesf,2], current-driven Josephson — .
junction [3], two-dimensional2D) electronic motion in su- E=E+e(N)sinnt,
perlattices[4], breakdown of adiabatic invariance due to T=t +T(_) %)
guantum dynamics near a classical separatrix in a double- '
well potential [5]. The separatrix map was obtained by where T=T(E)=In(32/E|) and e(\)=2me\2e~ ™2 [9].
Zaslavsky and co-workers in the investigation of a separatriXne overbar for the energy in the second equatiof2inis
splitting [6] in the framework of the Hamiltoniafv] taken so that the map is Hamiltonian. In REd] this equa-

2 tion was obtained as well under investigation of separatrix
H= %— cox—e CogX—\t)=Hg+eV(x,1), ) dynamics in the framework of the standard model.
A quantum mechanical counterpart of the sysi@nwas
considered by Bubner and Graham for the case of high-
where @,x) is dimensionless momentum-coordinate canonifrequency perturbation>1 [3]. The problem of quantum
cal pair,t is dimensionless time, while is the strength of a transport inhibition by a localization effect has been consid-
perturbation and\ is its frequency. Calculating energy ered in the framework of energy-time quantization. It has
change upon a periofl of the unperturbed motion described been stressed if8] that the main deficiency of such an ap-
by H, one obtains the Poincaidelnikov integral [8]. It  proach is an appearance of an unphysical time parameter
reads [10,11.
In this paper an approach enabling the use semiclassical
guantization in the framework of the action-angle variables
*Also at the Minerva Center for Nonlinear Physics of Complex for the system(2) is presented. An effective Hamiltonian as
Systems. a function of the action-angle pait,@)and the same real
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time t is constructed. The effective Hamiltonian describeswhere &, _(6)=(d/d#)5,,(6). These equations of motion
meaningfully the dynamics of the syste?). The quantum are not Hamiltonian. To obtain such equations the perturba-
dynamics of the system is analyzed in the framework of clastion of the form {{e(\)]/\} w'(1) 8,,(6)cos\t is added to
sical high-frequency expansion and a semiclassical initialthe second equation @B). Finally, chaotic dynamics near
value representation meth¢#i2,13. It results in an explicit the separatrix is described by the following effective Hamil-
form of the Floquet evolution operator in the unperturbedtonian:

basis. Level spacing distribution of a quasienergy spectrum e(\)

is studied. A Poisson distribution of energy levels is found. It H=Hy+ Tw(l ) 85,( 0)COS\ L. 9
indicates a quantum localization process, reported in [R¢f.

as well. In the case of the high-frequency perturbation a locaj s simple to show from(8) and (9) that an influence of
approximation by the standard map is val@l. Following  adding the perturbative term is negligibly small, when

that, we obtain e(\) ' (1)/w(1)<1. It is worthwhile to note in this connec-
AE=&—£E=— €(\)Sint; tion that the procedure described above is quite general for a
_ wide class of the Kepler-like maps.
— 27k & For the following analysis we replace(l) by € in the
st E,’ ) Hamiltonian(9). For long-term dynamics all these errors ac-

cumulate. For the short time scale of the order of the period
where E=E,+ &, £<E,. The resonant energ,, deter- of the perturbation, upon which the Floguet evolution opera-
mined by the resonance conditia (E,) =27k, is tor is obtained below, this error does not affect the dynamics,
2k but simplifies the following qua}ntum analys{s. It should be
E,=32 ex;{ - _) _ (4)  stressed that the effective Hamiltonie®) describes the reso-
A nances taking place if8) with the same criterion for ex-
] ] ] ] tended chaos. It follows from(3) and (9) that AT(E,)
The map(3) is much simpler for analysis, and still possesses— 2 -k andl w(l,)=X\, wherek andl are integers, whilé, is
the main features of the original separatrix map. In the aby yesonant action corresponding to thie resonance. The
sence of the perturbatiod, is energy of a periodic motion  gimpjification carried out above slightly changes the crite-

with a frequency rion: K=(2/m)K,, where Ko=[\e(\)]/E, is the critical
d€ 2= 2wk £\71 value found by the Chirikov criterion for chaos in the stan-
o(l)=F—==%=27——"= dard map(3).
dl T N E

The Hamiltonian formulation of the problem allows semi-

Solving this equation, and taking into account the conditionclassical quantization in the action-angle formulation: |
\21/7k2E, <1, we obtain finally an effective Hamiltonian of =#%N=—i%(d/96). Herefi is a dimensionless Planck con-

the unperturbed motion: stant defined from the number of states inside the energy
2 shell. Semiclassical consideration requires that the width of
Ho=E= Ql—ﬂ , (5) the perturbative potential i; Iar.ge_r than the de Brogl_ie
2 wavelength. In this connection it is necessary to restrict
summation in the Fourier expansion of thg,(6) potential.
where Then we obtain a new potential with the width of a
A A8 spike equal to Z/N: §y(6)=23}_, coké—1, where
0= kK M TKE,” (6) On(0) tends to8,,(6) asN tends to infinity. It is simple to

show from the following analysis that

When the separatrix is approached, i.e., in the limit
| =1 the frequency vanishepw(l)—0]. The energy
change resulting from the perturbation over timé=T

2m+a 2m+a
f(0)=L1 f(0)5277(0):ja f(6)on(6)+O(1N),

reads from(3) and(5) as where f(x) is a periodic function with a period+2 and
_ 1/A>N>1. Terms of ordelO(1/N) are omitted in the fol-
AHO=f w(1)l dt=—e(\)sint lowing analysis.
At The eigenvalue equation for the Floquet evolution opera-

e\ d tor U=T exp{—(i/A)[gH(t")dt'} in the n representation
:—Tf (Wéz,,(t’—t))cogxt’dt’, (7) reads
At

. - . . . 2 Un,n"//n'zeilxn‘//nr (10
where 8, .(2) is periodic with a period-2 § function. Com- n’

paring integrands from the left and right hand sides of Eq
(7) we obtain for the arbitranAt the following equations of
motion for the action-angle pair:

where ¢, is a quasienergy function with a corresponding
quasienergyyx,, T is the time ordering operator, and
=2/\ is a period of the perturbative field. The initial-value
. €(\) , representation [12,13 for the transition amplitude
I=—— ()5 (8)coat, K(#n';n)= (1)U, is used for the following semiclas-
. sical analysig14]. In this case the semiclassical propagator
0=w(l), (8 takes the forn{12]



g
1 [27(30'(6p)\ " [
K(|',t';|,t)~27hJO( (95900)> exp{;,L—F(ao)]deo,
(11
where
F(eo):[lf(ao)_l’]Gf(go)_Jtt/dT’{g(T')i(T’)
+H[I(7"),6(7")]}, (12
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that the maximal number of nonvanishing off-diagonal ele-
ments in a string or column is determined by the expression
An=|n—n’'|=€e/hQ=ek/fin. Using the definition of the
number states in the energy shethflfng(S)dE

~ I max/f, we can define the condition for the level clustering.
It reads as {=A,/N<1l. Taking into account that
K=e\/E, andK~\?/4, one obtains

_ 4K
{—ﬂ_—)\z. (16)

and the conditior6'(6,)/96,#0 is assumed. Indices 0 and In the case whei >, it follows from (16) that /<1 and,
f denote the initial and the final points, respectively, for ahence, the matrixJ is bounded. Therefore, quasienergjes

classical trajectory determined by the Hamilton{@h Solv-
ing the classical equations for the periedne obtains in the
leading order of the perturbation theory

T<t*

e(eN)
Q

lo,

If'=1(n)~ | (13

T=t*

ot Sint*,

0'=0(7)~0y+ w(ly) 7.

Heret* (6y) = (27— 6y)/ » determines a time interval of the
free motion before the kick. Substitutind.3) in (11) and

have a Poisson distribution whé>1 as well[15-18. Nu-
merical diagonalization of the matri¥(375x375) and sta-
tistical analysisy show the Poisson level spacing distribution
of quasienergies forr<\<3zm and 1.3<K<3\.

Condition (16) shows that the quantum dynamics inside
the separatrix energy shell does not obey to the conditions of
“maximal quantum chaos’[18], namely, the localization
length in the energy space exceeds the energy scale. Hence
the clustering of the quasienergies takes place, the quasi-
energies are not ergodic, and, therefore, their statistics is
Poissonian even for strong chaotic motion of the classical

(12) one writes the matrix elements of the Floguet operatorcounterpart. Of course, we can consider the conditions when

in the form

1 (2= i
Un'nrzzfo eXp{gF(eo)}dao,

€

m\cos?\t*(eo)Jr(n—n’)ao

1 _ 2 5
FF(80)=— T Ha(hn)+

27()
+

(n—n"), (14
where the conditio@6'/96,= 1 following from (13) is taken
into account. Carrying out the integral {@4) in the station-
ary phase approximation one obtains

U, =e il@7H)/m

rQ
1+ +[do(x)=1] if n=n’

Q ,
_elﬂ'ﬂ(n n )IZAJV(K)

X 4 N if n>n’ (15

L A

ei3ﬂQ(nfn')/2)\J‘V|(K) if n<nr,
where v=w(n—n")/\ and k=e/AN. Matrix elements are
exponentially small fofv|= x andx>1. It follows from this

K is large enough that>1, and the condition for “maximal
quantum chaos” takes place. But in this case the number of
levels inside the stochastic layer is so sntaell it is empty

that it is meaningless to speak about any statistics in the
quasienergy spectrum. Mathematically, at fixednd ¢, the
stochasticity parametd¢ tends to infinity wherkg, tends to
zero. Hence the number of states inside the separatrix energy
shellN«<E, tends to zero.

Finally the following limitation should be noted. When
the number of levels inside the energy shell is small, a semi-
classical approach is not valid. This means that in the case
whenK>1 the system cannot be quantized semiclassically
in the framework of the action-angle formulatigi —
—i#f(adl36)]. This conclusion is based on the fact that the
canonical transformation

150
— I(?H’H

.0

o X
analogous to the classical onp,X)—(l,0) can be made
only in the semiclassical limif19]. So, this quantum prob-
lem for K>1 cannot be studied in the framework of the local
approximation(3) but only in the framework of the initial
separatrix map problern®).
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